Abstract. In this paper, we study the existence and uniqueness of subsonic potential flows in general smooth bounded domains when the normal component of the momentum on the boundary is prescribed. It is showed that if the Bernoulli constant is given larger than a critical number, there exists a unique subsonic potential flow. Moreover, as the Bernoulli constants decrease to the critical number, the subsonic flows converge to a subsonic-sonic flow.
exist in general bounded domains. Hence, in this paper, we will give a complete answer on potential flows in general bounded domains when prescribing the normal component of the momentum on the boundary. In our result, the flows are subsonic if the Bernoulli constant is given larger than a critical number. Furthermore, they approach subsonicsonic as the Bernoulli constant decreases to the critical value.
The steady isentropic compressible ideal flows are governed by the following Euler equations: div(ρu) = 0, (1.1) div(ρu ⊗ u) + ∇p = 0, (1.2) where ρ, u = (u 1 ,u 2 ,...,u n ), p are the density, velocity, and pressure, respectively. We assume that p = p(ρ) satisfies
3)
The equations (1.1) and (1.2) are hyperbolic-elliptic in the subsonic region (|u| 2 < p (ρ)) and hyperbolic in the supersonic region (|u| 2 > p (ρ)) (cf. [41] ), where the quantity p (ρ) is called local sound speed.
The Bernoulli's law yields that the Bernoulli function B defined by B = For simplicity, we set ρ = ρ(|∇ϕ| 2 ) and the Equation (
We prescribe the normal component of the momentum on the boundary, i.e.,
where n is the unit outer normal vector and f satisfies the compatibility condition
Without loss of generality, we assume that there exists at least a point on ∂Ω such that |f | > 0. Our main theorem is stated in the following:
( 
Remark 1.2. The uniform state at infinity plays an important role in the work in the exterior domain [3, 32, 21, 22, 12] or infinitely long nozzles [39, 40] . Compared with these, the data on the boundary are arbitrary in our result. The key point is that the magnitude of the velocity is always finite while the sound speed goes to the infinity as the Bernoulli constant increases to the infinity. Remark 1.3. Compared with the results [37, 38] in finitely long nozzles, the domain we consider is general and our result holds for general multidimensional irrotational flows.
Remark 1.4.
In [5] , the authors also considered the existence of subsonic-sonic potential flows in bounded domains. They lessened the normal momentum on the boundary to make sure the flows lie in the subsonic region. In our paper, we enlarge the Bernoulli constant to reach this instead. This makes the boundary data unchanged and seem more reasonable. On the other hand, since the equation itself depends on the Bernoulli constant, it is not easy to see how the Mach number changes as the Bernoulli constant increases, which is the main difficulty. Remark 1.5. In this paper, we impose the normal component of the momentum on the boundary. This is also a physical condition. The rest of the paper is organized as follows. In Section 2, the wellposedness of the truncated potential flows is studied for fixed Bernoulli constants; this section is divided into two parts. We obtain a priori estimates for the solution to the truncated problem first and the existence is derived by the fixed point theorem in the second. In Section 3, we study the existence of the critical Bernoulli exponent and the limiting subsonic-sonic flows.
Truncated potential flows
As introduced in [39] , for a given Bernoulli constantB, we define the maximum density and the critical density by ρ(B) = γ−1 γB 
where
the standard Hölder space.
Here we study the potential flow when it is subsonic for ρ > ρ(B).
One of the main difficulties is that Equation (2.1) becomes degenerate elliptic as ρ → ρ(B). Hence, we begin with the study on the well-posedness of the truncated potential flows in bounded domains, i.e.,
is a given smooth increasing function satisfying
Therefore, the truncated potential flow is strictly and uniformly elliptic for fixed m and large Bernoulli constantB.
A priori estimates for truncated potential flows.
For simplicity, in this subsection, we omit the index m and σ in (2.2) and all the bounds C here are dependent on m, but independent ofB, ifB is large enough.
Proposition 2.1.
Any weak solution to the truncated problem (2.2) 
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with some uniform constant C.
Proof. Suppose that ϕ is a weak solution to the truncated problem (2.
Moreover, (2.6) can be extended such that
Now taking ψ with ϕ itself, and noting that ρ has positive lower bound give the
The L ∞ -norm can be deduced by standard Moser's iteration. Setφ β = min{β,max{ϕ,1}} ∈ [1,β] and take ψ =φ
Once setting q + 1 = 3 ν ,ν = 1,2,3··· and letting ν → ∞, we have
Since the bound is independent of β, it yields that sup Ω ϕ ≤ C immediately. Similarly, inf Ω ϕ β ≥ −C for ϕ β = max{−β,min{ϕ,−1}} and inf Ω ϕ ≥ −C. Together with these two inequalities, it gives that |ϕ| L ∞ (Ω) ≤ C.
The next proposition gives the C 2,α -priori estimate of the solution.
Proposition 2.2. Suppose that ϕ is a C 2,α solution to the truncated potential problem (2.2). The following prior estimate is obtained: 
Note that the second order coefficients for such elliptic equation have bounded C α (Ω) norm. This yields that
for any compact subset K Ω.
To obtain the higher regularity on the boundary, we need the Hölder estimate of the derivative for the divergence equation as follows. 
Lemma 2.3. Suppose that M = (M ij ) is a given C α (Ω), positive definite matrix function, i.e., M ≥ λI. Then the solution to the linear elliptic equation of the divergent form and cornormal boundary condition
div(M∇φ) = g + divF in Ω, M∇φ · n = h on ∂Ω.(2.
B 2r ∩ Ω(r is some fixed small constant), it holds that
(2.14)
and C r only depends on λ, r, and
Proof. First let us begin with considering the simplest case for M =M(constant), Ω = {x ∈ R n ,x n > 0}, and g, F, h have compact support in B 2 ∩ {x n ≥ 0}, i.e.,
with e n = (0,0,··· ,1). Without loss of generality, by a simple change of coordinates, it reduces to the standard Neumann problem defined on half plane.
where x = Qz and Q, L,c are constants only depending onM. Similar to the Dirichlet boundary case, (see Chapter 4.5 [24] ), it holds that
It is important to point out that the constantC here only depends on the elliptic constant λ and sup i,jMij . On the boundary, it holds that
Due to the estimates for constant coefficients in half space and the strictly elliptic condition for M, we have that
Thus, forCr α < 1, this yields (2.14).
Next, take the tangential derivative ∂ T k (k = 1,2,··· ,n − 1) of the system of ϕ, i.e.,
≤ C r . So using Lemma 2.3, we have that
Once combined with the interior estimate showed in (2.12), this yields that
where T n ≡ n and E C α (Ω) ≤ C, we conclude that
This finishes the proof of Proposition 2.2.
Existence of truncated potential flows and the continuous dependence on the Bernoulli constant. Back to our truncated flows (2.2), we set
Analogous to the Theorem 17.28 in [24] with slight modification, one has the existence theorem stated below for nonlinear oblique problem.
This gives the existence of truncated problem together with priori estimates obtained in the former propositions. In the final proposition of this section, it is showed that truncated potential solutions depend on the Bernoulli constant continuously. 
Proof. Set Φ=ϕ 1 − ϕ 2 and B = B 1 − B 2 . Then Φ solves the following oblique problem: Proof. It suffices to show that for large enoughB, the truncated function can be removed.
To see this, we first compute that p (ρ(B)) = γρ(B) γ−1 and this yields that the sound speed goes to infinity asB → +∞. In another aspect, due to the priori estimate of ∇ϕ, the magnitude of the velocity is always bounded. Hence, there exists a B m > 0 large enough, such that for anyB > B m , |∇ϕ| 2 < (1 − 
Due to Young measure theory [20] , there would exist a probability measure ν x such that Note that (ρ(y 1 )y 1 − ρ(y 2 )y 2 ) · (y 1 − y 2 ) > 0 on the subsonic branches if y 1 = y 2 . The only possibility for the identity holds when y 1 = y 2 . Hence, it holds that supp(ν x ⊗ ν x ) ⊂ {(y 1 ,y 2 ) : y 1 = y 2 }. That is to say, ν x can only be a δ-measure and u m → u a.e. Ω as m goes to infinity. Hence, using Lebesgue dominated convergent theorem immediately implies that u is a weak solution in the sense of distribution and the boundary condition makes sense in the sense of trace.
The next proposition is about the uniqueness of the subsonic-sonic flows.
Proposition 3.2.
Suppose that there are two solutions ϕ andφ to the original potential problems (1.4) and (1.6) with the properties that |∇ϕ| 2 < p (ρ(B)), |∇φ| 2 ≤ p (ρ(B)). (3.2) 
